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First-principles studies of the linear and nonlinear optical properties for YAl3(BO3)4 (YAB) are
presented. Based upon the electronic band structure, the optical refractive indices, birefringence,
and second harmonic generation (SHG) coefficients of YAB are calculated, which are in good
agreement with experimental values. In addition, the SHG-weighted electron density analysis and
the real-space atom-cutting method are adopted to elucidate the origin of the linear and nonlinear
optical effects in YAB. The results show that the anionic (BO3) groups have dominant
contributions to the birefringence. The contribution of the Al cations to the optical effects is
negligibly small. However, the Y cations bond to the neighbor O anions and form the deformed
(YO6) octahedra, which results in the large SHG effects in YAB. VC 2011 American Institute of
Physics. [doi:10.1063/1.3587571]
I. INTRODUCTION
Discovered in the 1960s,1 YAl3(BO3)4 (YAB) belongs
to the family of AxM1-xZ3(BO3)4 (A, M¼Y, La, and rare
earths; Z¼Al, Ga, and Sc), which are known as the self-
frequency doublers. As early as 1974, the YAB crystal was
reported as a very effective second-harmonic (SHG) genera-
tion material.2 This crystal possesses a wide transmission
range from the deep ultraviolet (UV) to the infrared spectrum
regions (165–2200 nm), a moderate anisotropy of the refrac-
tive index (Dn¼ 0.0684 at 1064 nm), large nonlinear coeffi-
cients (d11¼ 1.7 pm/V), a short SHG wavelength (kSHGshortest 
210 nm), relatively high hardness (Mohs 7.5), and good
chemical stability.3 Recently, the YAB single crystals with
high optical quality have been obtained with the dimension
of 16 16 18 mm.4 Therefore, YAB is a very promising
nonlinear optical (NLO) crystal for the fourth harmonic gen-
eration (266 nm) of the Nd:YAG lasers.
The YAB crystal has a trigonal structure with the space
group of R32, and its primitive cell is shown in Fig. 1. Tradi-
tionally, one may categorize the basic structure units of YAB
as Al3þ and Y3þ cations and (BO3)
3 anionic groups. Both
Al3þ and Y3þ cations are six-coordinated to the neighbor O
atoms, while each (BO3)
3 anionic group is in a planar trigo-
nal shape and perpendicular to the optical z-axis. It is well
known that the (BO3)
3 anionic groups are the microscopic
units which dominantly contribute to the SHG effects in the
KBBF-type UV borate NLO crystals, including KBe2BO3F2
(KBBF),5 K2Al2B2O7 (KABO), BaAl2B2O7 (BABO),
6 and
BaAlBO3F (BABF).
7 The comparison among their SHG
coefficients shows, however, that YAB has a much larger
SHG coefficient (see Table I). The SHG coefficient of YAB
is even slightly larger than that of the borate NLO crystal
b-BaB2O4 (d22¼ 1.60 pm/V),8,9 in which the planar (B3O6)
microscopic unit is expected to produce much larger micro-
scopic second-order susceptibilities than the (BO3)
3 anionic
group. Therefore, it is highly desirable to understand the
mechanism of why the YAB crystal has extremely large NLO
effects. This can effectively prompt the development of new
UV NLO crystals via the molecular engineering approach.
In 2007, Wang et al. calculated the linear optical proper-
ties of YAB by the density functional theory,10 and their
results were in reasonable agreement with the experimental
values.3 However, to our best knowledge, there has been a
lack of ab initio studies on its NLO effects. In this work, we
investigate the electronic structures, and linear and nonlinear
optical properties in YAB using the plane-wave pseudopo-
tential method. Combined with the SHG-weighted electron
density analysis and the real-space atom-cutting technique,
we find that the virtual transition processes between the Y
cations and the neighbor O anions have much larger contri-
butions to the SHG effects compared to the (BO3)
3 anionic
groups, although the latter microscopic units have the domi-
nant contribution to the birefringence in YAB.
II. METHODS AND COMPUTATIONAL DETAILS
The plane-wave pseudopotential method is employed to
solve the electronic structure of YAB with the local density
function approximation (LDA).11 Ultrasoft pseudopotentials
allow us to use a small plane wave basis set with a kinetic-
energy cutoff of 500 eV without sacrificing accuracy. K-
point meshes with a density of (5 5 5) points in the Bril-
louin zone of the YAB primitive cell are adopted. We have
determined that the choice of these computational parame-
ters is sufficient to ensure a good convergence for the current
studies.
It is well known that the bandgap calculated by the LDA
is usually smaller than the experimental data due to the
a)Author to whom correspondence should be addressed. Electronic mail:
zslin@mail.ipc.ac.cn.
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discontinuity of exchange-correlation energy. A scissors op-
erator is therefore used to shift upward all of the conduction
bands to agree with the experimental bandgap.
Based on the electronic band structure, the refractive
indices are obtained from the real part of the dielectric con-
stants, which can be obtained from its imaginary part using
the Kramers–Kronig transformation. The imaginary part can
be calculated with the momentum matrix elements between
occupied and unoccupied electronic states.12 Moreover, the
SHG coefficients are calculate according to,9,13
vabc ¼ vabcðVEÞ þ vabcðVHÞ þ vabcðtwo bandsÞ; (1)
vabcðVHÞ ¼ e
3
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(4)
where a, b, and c are Cartesian components, v and v0 denote
valence bands, and c and c0 denote conduction bands; p(abc)
denotes full permutation and explicitly shows the Kleinman
symmetry of the SHG coefficients. The band energy differ-
ence and momentum matrix elements between the ith and jth
states are denoted as hxij and paij, respectively, and they are
all implicitly k dependent. vabc(VE) and vabc(VH) give the
contributions to v2 from virtual-electron (VE) processes and
virtual-hole (VH) processes, respectively, and vabc(two
bands) is the contribution to v2 from the two-bands proc-
esses, which is negligibly small in most NLO oxide crystals.
In order to identify the orbitals or bands contributing the
SHG most in a molecule or a solid, a SHG-weighted electron
density analysis is devised.14,15 In this scheme, the consid-
ered SHG coefficient is “resolved” onto each orbital or band,
and then the SHG-weighted bands are used to sum the proba-
bility densities of all occupied (valence) or unoccupied (con-
duction) states. This ensures that the quantum states
irrelevant to SHG are not shown in the occupied or unoccu-
pied “SHG-densities,” while the orbitals vital to SHG are
intuitively highlighted in the real space. Moreover, to inves-
tigate the influence of the ions on the crystal’s optical
response, a real-space atom-cutting method is also used. The
contribution of ion A to the nth order susceptibility denoted
as vðnÞðAÞ, and evaluated according to Ref. 10,
vðnÞðAÞ ¼ vðnÞðall ions except A are cutÞ; (5)
i.e., it can be obtained by cutting all ions except A from the
original wave functions.
III. RESULTS AND DISCUSSION
The calculated band structures of YAB along the lines
of symmetry are shown in Fig. 2. YAB has a direct bandgap
of 5.57 eV at the G point, which is less than the experimental
value of 7.5 eV (165 nm).4 Figure 3 displays the density of
states (DOS) and partial (PDOS) of the respective species in
YAB. Clearly, the energy bands can be divided into several
regions. The very low region of the valence bands (VB) are
composed of Y 4s orbitals, which are strongly localized at
FIG. 2. Band structure of YAB.
FIG. 1. (Color online) Primitive cell of YAB.
TABLE I. Comparison of birefringence (Dn) and SHG coefficients (dij) of
KBBF, KABO, BABO, BABF, and YAB at the wavelength of 1064 nm.
Dn d11 (pm/V)
KBBFa 0.080 0.47
KABOb 0.068 0.48
BABOc 0.053 0.745
BABFd 0.042 0.702
YABe 0.068 1.70
aReference 21.
bReference 22.
cReference 23.
dReference 24.
eReference 3.
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about 40 eV. The middle region of VB from 21 to 14
eV are mainly composed of Y 4p and O 2s orbitals. The
upper one (from 8 to 0 eV) are composed of O 2p, and B
2s and 2p orbitals, but the very top of the VB is dominant by
O 2p orbitals. The bottom of the conductive bands (CB) is
mainly composed of Y 4d and B 2p orbitals, and the Y 4d
orbitals determine the CB minimum of YAB. The orbitals on
Al, on the contrary, have very little contribution to the over-
all electronic structures. All of these electronic characteris-
tics are consistent with those obtained by Wang et al.10
The calculated refractive indices as a function of differ-
ent frequencies are shown in Fig. 4, which are in good agree-
ment with the experimental value. Meanwhile, the calculated
SHG coefficient of YAB is d11¼ 1.65 pm/V, which is also
very close to the experimental value (1.7 pm/V). These
agreements prove the validity of our studies on YAB with
the LDA plane-wave pseudopotential method. Alternatively,
it is known that the LDA method usually yields an incorrect
electronic structure for the materials which include the
elements that contain d or f orbitals. This is because there
is no exactly solution to parameterize the generalized
exchange-correlation energy. So in this work the LDAþU
method16,17 is also adopted by explicitly adding an additional
orbital-dependent interaction, Hubbard U, to the LDA Ham-
iltonian. We found that actually the choice of U (from 0.0
to 8.0 eV) does not affect the relative position of the Y 4d
orbitals, which are always located at the CB minimum. Con-
sequently, the optical properties in YAB are almost inde-
pendent of the Hubbard energy, U.
Figure 5 plots the SHG-weighted electron densities of
the occupied and unoccupied orbitals on the planes contain-
ing the (BO3) groups and Y-Al ions, respectively. Here we
only consider the VE processes since they have dominant
contributions to the SHG effects (>70%) in YAB. It is clear
that both occupied and unoccupied states of the Al cations,
in analogy to the alkali metal or alkali earth metal ions in the
KBBF-type NLO crystals,18 have almost no effect on the
SHG, indicating their strong ionic characteristics. The occu-
pied states contributed to SHG mainly come from the O 2p
orbitals, while the unoccupied states mainly come from the
Y 4d orbitals. The conduction bands of the B 2p orbitals also
have some contributions. This means that the VE processes
from the O valence states to the Y and B conduction states
determine the SHG effects in YAB. Therefore, apart form
the (BO3)
3 anionic group, the (YO6)
9 anionic group formed
by the Y3þ cation and the neighbor O2 anions must be con-
sidered as the NLO active microscopic unit. Namely, the iso-
lated Y3þ cation does not contribute to SHG effects in YAB
alone. In fact, the Y-O bond lengths (2.30 A˚) in the (YO6)
octahedron are in the range of those in the yttrium oxide
(2.24–2.33 A˚).
To investigate the influence of the respective ions and
groups on the linear and nonlinear optical response of YAB,
FIG. 3. (Color online) DOS and PDOS plots of YAB.
FIG. 4. (Color online) Comparison of the calculated and experimental re-
fractive index dispersion of YAB (experimental values from Ref. 25).
FIG. 5. (Color online) SHG-weighted electron densities of the occupied (va-
lence) orbitals in (a) the (BO3) plane, (b) the Y-Al plane, and those of the
unoccupied (conduction) orbitals in (c) the (BO3) plane and (d) the Y-Al
plane in the VE processes.
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we employ the real-space atom-cutting method. According
to the previously discussed SHG-weighted electron density
analysis, the NLO microscopic units are categorized as fol-
lows; the Al3þ cations, the (BO3)
3 anionic groups, and the
(YO6)
9 anionic groups. Our previous studies showed that
the electron density around the cations which exhibit strong
ionic characteristics is spherical,18 so we choose the cutting
radius of Al to be 0.55 A˚. Following the rule of keeping the
cutting spheres of Al and O in contact, the cutting radius of
O is set to be 1.30 A˚. For the boron and yttrium atoms, the
cutting radii are chosen as 0.70 and 1.20 A˚, respectively. Our
test showed that, in fact, the atom-cutting analysis results are
insensitive to the choices of the cutting radii in YAB.
The atom-cutting analysis results of the linear and non-
linear optical properties in YAB are listed in Table II. Sev-
eral interesting conclusions can be deduced. (i) The
contribution of the Al3þ cation to both linear and nonlinear
optical effects of YAB is negligibly small. This also confirms
the SHG-weighted electron density analysis result, i.e., the
orbitals on the Al cations do not affect in the optical proc-
esses. (ii) The sum of the birefringences and the SHG coeffi-
cients of the respective (BO3)
3 and (YO6)
9 anionic groups
is larger than the original values. This is due to the fact that
the orbitals on the oxygen atoms linked with the neighbor an-
ionic groups are used twice in the real-space atom-cutting
procedures. (iii) The (BO3)
3 anionic groups contribute
more than 90% to the anisotropy of refractive indices and
about 40% to the overall SHG coefficient. Conversely, the
contribution of the (YO6)
9 anionic group to the birefrin-
gence is very small, but its contribution to the SHG effect is
much more pronounced than that of the (BO3)
3 anionic
group. The detailed structural analysis (see Fig. 6) shows
that the (YO6)
9 group is a heavily deformed octahedron;
the angles formed by the vertex oxygen, central yttrium, and
base oxygen inside vary from 71.2 to 119.4, far from those
(¼ 90) in a regular octahedron. In addition, the symmetry of
the (YO6) octahedron belongs to the point group, D3, which
would result in the small anisotropy of the first-order optical
effects (birefringence) but the large microscopic second-
order optical susceptibility (SHG). In fact, the NLO crystals
containing deformed (MO6) octahedra (M¼ transition metal)
usually have very large SHG coefficients, as in the cases of
LiNbO3, KNbO3, BaTiO3, LiTaO3, etc.
19
These analysis results are very different from those in
the KBBF-type NLO crystals where the (BO3)
3 anionic
groups almost determine the birefringence and SHG
effects.18 The (YO6) octahedra, but not the (BO3)
3 anionic
groups, make the dominant contributions to the large SHG
effect in YAB. This explains the reason why YAB has a
much larger SHG coefficient compared to the KBBF-type
NLO crystals. In practice, a similar situation also occurs in
other borate NLO crystals, such as BiB3O6, in which the
extremely large SHG coefficients (deff 3.2 pm/V) are
mainly attributed to the (BiO4)
5 anionic groups, rather than
the B-O groups.20
IV. CONCLUSION
The first-principles electronic band structures calcula-
tion was carried out to study the optical properties of YAB.
It is shown that the top of the valence bands are dominated
by the O 2p orbitals, while the bottom of the conduction
bands are mainly composed of Y 4d and B 2p orbitals. Based
upon the electronic structure, the refractive indices and SHG
coefficients were calculated, which are in good agreement
with the experimental values. The combined SHG-weighted
electron density analysis with the real-space atom-cutting
method revealed that the (BO3)
3 anionic groups have a
dominant contribution to the linear optical properties, while
the (YO6) octahedra play a virtual role to the SHG effects in
YAB. We believe that understanding the mechanism for the
optical response in YAB would enable us to find and design
new UV NLO crystals in a more efficient manner.
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